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1. Introduction and Summary A

Seversl types of spplications entail point processes with '"dead"
times after each event. One such family of stochastic processes is
Q(PRP), the family of Payeto Renewal Processes. The i.i.d. inter-

arrival times {X .} satisfy, F(x) = P{X < x} -l-(-:-). x>A>0

b
and s > 0.

An additional interesting property of the interarrival-time distri-
butions is that they are all "thick-tsiled" relative to the corresponding
distributions for Gaussian processes and Poisson processes. Further,

a variety of tail thicknesses, one for each s-value, is vossible.
111.930 two properties lead to some interesting inference problems, of
which one is here concerned only with signal detection.

[The Pareto distribution itself was, of course, introduced by
Vilfredo Pareto (1848 - 1923). (See Reference {22]). This distribution

has been used and studied by numerous other authors including Pigon (1932)

This work was principally supported by the Office of Naval Research
through Grant No. N00014-80C-0208.




Mandelbrot (1960, 1963), Fisk (1961) and Johnson and Kotz (1970).])

Both one-sample and two-sample signal detection problems with
historical data will be considered here. The organization of the paper
is as follows. Section 2 contains the basic properties of the inter-
arrival-time distributions and the MLE's (maximum likelihood estimates)
under various circumstances. Section 3 contains the distribution
theory necessary for insight and inference. Most of the proofs for
the results of this section are straightforward. In Section 4, one
introduces the fundamental statistical concepts to be used, namely,

(1) the BDT (Basic Dats Transformation); (ii) the M-S-S (minimal
sufficient statistic); (iii) the M-S-N (maximal statistical noise);
(iv) POF (parametric distridbution-free) statistics; and (v) NPDF
(nonparametric distribution-free) statistics.

Section 5 discusses the uwses of the Kolmogorov-Sairnoy (1933)
statistic; and its extensions by Lilliefors (1967, 1969), Srinivasan
(1970) and Y. Choi (1980) in signal detection. Sections 6 and 7 treat
the one-sample and two-sample detection problems, respectively. Tables
sumarizing the results, are presented at the end of appropriate sections.

Appendix A contains proofs of some of the assertions made in the
psper. Appendix B contsains !lt.trical examples illustrating each of
the detection procedures derived in Sections 6 and 7.




2. Elementary Properties and Estimators of Pareto Reneval Process

Most of the results of this section are adsptations of results in
Johnson and Kotz (1970). The Pareto distribution Pa(A,s) is defined for
each A >0, >0 by

l-(-:-) xX>A

x<A

Fi(x) »

This is a special fors of the Pearson type VI distribution. The Pareto
density functiom is

£(x) » sA* %) for x> A 0.

I£f X~ Pa(A,s), then the rth moment of X exists if and only {if
r<s and is given by

T

elx) o 23

.r.

The variance of X s sAz(s - l)'z(s -2)°) for s > 2. For turther
details on moments, see Malik (1966).

Malik (1966, 1967) has also obtained results on the characteristic
functions of the order statistics from a Pareto distribution as well as
recurrence relations between the moments and covariance of the order
statistics. Levy (1925) discovered a class of stable laws (Stable
Paresian) which follow the asymptotic form of the Pareto law.

If X~ Pa(A,8), Y=1nX, then Y~ T-exn(ln A,s) where




T-exp(8,s) is truncated-exponential with distridution function

Hx) o1 - 3-8 g0 228, Alsoif Z=X", then

2~ U0, A%). Inference for the truncated-exponentisl has been studied

by Park and U. Choi (1978), Beg (198]1) and signal detection probles for

the unifors process has been investigated by Y. Ohoi-Bell-Ahmad-Park

(1982). Some of those results will be used and compared to the ones herein.
Here one is primarily interested in MLE's of the perameters A

and s. Other types of estimstes are given in Johnson and Kotz (1970).

The likelihood fumction for the interarrival times (X,, X,, ..., X))

n
froma PRP s L=

s
’l.l‘ -;3-:—.-‘- . The proofs of the following theorems
)

are straightforvard.

Theoren 2.1. (One-persmster, S =8, known)
(1) T™e ME of A is A= X(1), which is distributed Pa(A, ns,);
(11) 2(R) = asgA(asy - 17
for ns

for ns, > 1 and V(A) = nspA(nsy - 2(ns, - 177!
0> %
(1i1) The WUE (=minimm variance unbissed estimator) of A {s

A = (asy - 1)(ney) 'X(1) for ney > 1, snd V(A®) = [msy(nsy - 21" A2
for ns, > 2,

(iv) Doth A and A* sre consistent estimators of A, i.e., AA =1,
A*/A+]1 as oo but only A* is unbiased.

(v) the ™-S-S (minimal sufficient statistic) for A is X(1) and

the family (Pa(A,ns.)) indexed by A > 0 is complete.

0o

Theores 2.2. (One-parameter, A = Ao known)




(1) The MLE of s is s = 2 ;

s . s s
2.2
ns for a > 2;

ns 2 ] ] 1 | S
(a-l)!(n-z)

(111) E(s) = ‘i?i'" for n>1 and V(s)

2
(1) The WUE of s is given by s* o (b and veer) o 2
for n> 2;
(v) Both § and s* are comsistent estimstors of s but only s*

is umblased; and
(vi) the M-S-S for s is 3 (or s°).

Theorem 2.3. (Two parsmeters, A, s both unknown)
(1) The MLE of (A,) is (R,3) where

K=X(1) and 5 » a ;
1n Xy - ala X(1)
J=1
(11) A and § ere independent, K * Pa(A,ns), =2 «-xi(“.n ;
 }
2

(111) E(R) = —-i-"" for ns > 1, V(A) » —NSA for ns > 2;

s - (ns-2)(ns-1)2

2'2

(iv) E(@E) « 2y for 0> 2, V(i) « —2 for n > 3;

(n-%?’(n-&)

(v) The MR of A is A---L"';‘—-!lx(n for ns >1 and

2
V(A')'m for ns > 2;




MRt $% aEncy e

- 2
(vi) the MVUE of s s s‘--("—;-z-)'— and V(s‘)';-'—,—g:

(vii) the N-S-§ for (A,s) is (A,3).

The results of this section are sumsarized in Table 2.1 below. The last
columm of this table yields the M-S-N (meximal statistical noise) for
various detection problems. A formal definition of the N-S-N is given
in Section 4. As far as Table 2.1 {is concerned, one should view the
»-S-N, l({), as complementary to and statistically independent of the
u-S-S, S({). Several versions of the N-S-N are given in Sectiom 3.

3. Distribution Theory for Pareto Renewsl Processes

In this section one develops some results which yleld the WN-S-S
(to be defined in Section 4) for various one-sample and two-sample
prodbless.

et X, X ..oy Xy Do d.4.d. Pa(As) and let X(1) SK(D) < ... <
X(n) denote the order statistics of the X's.

Definition 3.1. One denotes by G-0-S(k) the distribution of the
order statistics induced by a random sample of size k drawn from a
distridution G(:). The following lemms is fundamental.

lemma 3.1. (Remyi (1953), Pyke (1965)). Let £, &, ..., § bde
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k
1.1.d. Exp(}). Then (i) k¥ jZl PRI R B GO

k-1

L & -1€j

(2, 2, ..., & y0-s(k - 1) where U(:) is the U(0,1)
LA 14 k€

distridution, (iii) k¥ and §* are independent.

Remark. Note that )2 has been eliminated in s'.

lomma 3.2. Let Mo Mgy eeve My be Exp(A) - 0 - S(k). Define
ni. .n{ by "i"‘"v"i"‘n’“"”"z' ...,n;-nlo”. .
ﬂj_l A (‘ . l - ’)ﬂ’. seey q L4 h .M 2.' L4

n‘ n. *
R ———nt'l }. Then

A

(1) n3~T(X,)) is the M-S-S for );

(11) ‘e“'\. U-0-8(k - 1);
(i41) n‘ and 2“ are independent.

Theorem 3.3. Let !l.lz, caey X“ be i.1.d. Pa(A,s), then

X X
(1) {in -% xal—:- s 02 ) 100 BXD(s);

(11) {1a X(1), 1n X(2), ..., In X(n)} ~ T - Exp(In A,8) - O - S(n);

i) ml}\-’l. e, 1In 5{1‘11«- Exp(s) - O - S(n);

““-.-“,,;._-.__. o ) A i




(iv) {i"(\:"YY:—nY Y?TY"' P,(5)-0-S(n) where P (s) is the

0 x<0
pover distribution defined by H(x) = <

1 x>1

) ) ) B -3

(v) (l-mrl . lﬂi-_ﬁ" s coes [myl } ~ u(0,A"")-0-8(n),
A S A S AL

(vi) (Imyl » lm » seesp ['gml } ~ U-0-S(n).

Definition 3.2. Let cxl. xz. ceep X. be i.i.d. Pa(A,8). [The
following random variables 7., 0 ,E, 1<r<n-1 will be wed
frequently throughout the rest of the psper and are mentioned in
Table 2.1.)

r X

SR md, 1erem

r-1
X(]-1 X(rel
(11) 0 = la( e(r-0ln y» lSren-1;
R St

j-

: b {$ L2
(141) E_ o J (me1 - §) In( )o l<recn-1.
T j=1 X - -
The following theores is an essy comsequence of Lesmas 3.1 and 3.2.
T

T
-1
Theores 3.4. (1) To (¢, cees r-:—)'w-o.s(a- 1,

sand is indepenient of 1‘n ~ T(n,s);




D‘ 0, 01\-2
(i) Del{g—, . s =N UO-S(n-2) sndis
i n-1 n-l n-1
independent of D, ~ T(n - 1.5);
El EZ En-z
(141) Eeo{ p— , p=— . ..., g—)‘\- U-0-S(n - 2) and is
A n-1 n-2 n-1

independent of En-l ~ T(n - 1,8).

The following theorem contains various versions of the N-S-N (see

Definition 4.1) vhen A is umknown. Thev will be used in the Kolwosorov-

Sui rnov statistics for the one-sample case in Section 6.

Theorem 3.5. (1) (1in (-}g}]. mé{%}]. lal%ll ~ Exp(s)-
0-Sta - 1), (i1) ‘% , ﬁﬂ- yeen }ﬁ'{- )+ Pall.g)0-S(n - 1);
L  §
o . G L e 1 v voesea -

(n-1)s (n-2)s
avy (284 , Qﬁ}) R L L R BTTCN TR

(v (oin B33, 2 - Ha |{-8-}]. ery In ‘%ﬂ f.1.d. Ex(s).

Definition 3.3. For 1 < j <n -1, one defines

s
XI]

n-Jeo ’

(a-})s
X . (m el X(4s1
v ! ;oM Zye(asr-g) ].

They will be wsed throughout the rest of the veper.

X(j+1 « tX(J°1 -
(1) V,'lll 1, (D U, (x },  (1i1) "’ |

-—-—-—-———-—-—-————-——1




The final lemma for this section deals with a two-sample situation.

lomma 3.6. Let xl. xz. cees x‘. Yl’ YZ’ ooy Yn be indevendent with

m-1

xj " Pa(A,s,) and Yj ~ Pa(A,,s,). Let n = jgl ln[xx 3 1,

n-1
n, ® )] l"lyy ;l } . then (1) X(1), Y(1), Ny, N, are independent;
=1

(1) X(1) ~ Pa(A,, m)), Y1) v Pa(Aymsy)i  (ith) v T(m-1,s),

1

AT - Lsy)i  (iv) e, in XL nd 2ns, 1n YU are i.i.d.

2
M A,
x2 . Bp(1/2);  (v) 25,0, %3 28.n. v x2 . and  2s.n. ¢ 2s.n, A~
2 ; 1M v Xom-20 %M Vv Xopo2 1M1 M
x;s.‘ vhere N=@m + n; and
(N-2) . n 2. o 1n Y
(v1) 1 A F(2, 2N-4).
28,n, * 2,0,

Remark. Lemms 3.6 (vi) 1is useful wvhen = = n because if Al 0 A2

and $, "3, then the expression on the left does not involve A nor s.

(See Section 7.)

The results of this section are summarized in Table 3.1 below.

4. Basic Statistical Concepts

(A) The BOT (Basic Data Transformation) and MSN mal Statistical
Noise).
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Let the generic data point be denoted by % = (xl, vees X“) in the

one-sample cases and by % = (Xl, ey xm, Yl, ey Yn) = (Zl’ ooy L

in the two-sample cases; and let S(%) denote the M-S-S.

N

Definition 4.1. Let N('%) be a (vector-valued) statistic independ-
ent of S(’%) and such that 6(%) = [S(%), N(%)] is 1-1 a.e. Then,
(i) §&8() 1is called the BDT; and (ii) N(’%) is called the M-S-N.

It is known that S(%) contains all relevant information about the
parameter (vector); and it will be seen that N(%) contains all relevant
information about the structure of the process. From 6(%) = [S(%),
N('%)], one should almost. always be able to reconstruct the original

data, %

Example 4.1. (i) In Lemma 3.1, S(§) = kE; N(f’,) = 5*, and

6(5) = [kE, é*] is the BDT. From 6(5), one can reconstruct 5

(ii) In Lemma 3.2, S@) = 1 and Nq\l) = 2**. Hence 6(2) - {n"(', n**}.
From the examples above, it should be clear that there are several

possible versions of the M-S-S and M-S-N.

Remark. The importance of these concepts is that as a rule of thumb
in a goodness-of-fit problem, the decision rule should involve
only the M-S-S while in a class-fit problem, the decision rule should

only involve M-S-N. This will be seen in the sequel.

(B) Distribution-free-ness.

There are two types of distribution free statistics that arise

in detection procedures.
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Definition 4.2. (i) A statistic T(%) is called nonparametric

distribution free (NPDF) with respect to a family Q* of stochastic

process laws if there exists a single distribution Q(:) such that
P{'r(%) < t|L} =Q(t) for all L e Q*,

(ii) A family of statistics, {TIQ%; L)} indexed by the members
L e Q* is called parametric distribution free (PDF) with respect to

Q* 1if there exists a distribution function Ql(-) such that,
PIT\(2; L) <t} =q(t) forall L €@+
4V
It is clear that each NPDF statistic is PDF.

Example 4.2. Let Q* = Q(PRP), and % = (Zl, vens ZN) be the

first N interarrival times with Zj = xj for 1<j<m, and

Zm er” Yr for 1 <r <n, where N -mg +n. Let Sy and Sy be
the MLE's given by Theorem 2.2; T1 = _:Z and T2 = %55 . Then, Tl
ns )
1 1

is NPDF wrt Q* with Q= F(2m, 2n); and T, is PDF wrt Q*

2

zm.

of the Z only through the M-S-N, NQ%); and T
N

2

with Q1 = X Furthermore, it can be shown that T, is a function

1

2 is a function of

X=(X,, ..., X ) only through the M-S-S, S(X).
" 1 m n

The M-S-N for the respective cases are given in Table 2.1. The
relations between the M-S-S, M-S-N and DF statistics is best given

by the following theorem.




Theorem 4.1. Llet Q* be a family of cdfs admitting a M-S-§S,

for data %- (Z , Z“). Then, (i) T(w,%) = W[N(%)] is NPDF

'URES
wrt Q* for each (measurable) function ¢(-); and
(i1) T*(y*, G, S(%)) = Y*[G, S(é)], when 5 is governed by G, is

PDF wrt Q* for each (measurable) function ¢*(.).

S. The K-S (Kolmogorov-Smirnov), Lilliefors and Srinivasan Statistics

(A) Kolmogorov's Original Statistic

Kolmogorov (1933) introduced the K-S statistic Dn(Fo) -

supan(z) - Fo(z)l, for continuous cdfs F () and empirical cdfs
z
1

n n
F (-), where F (z) -% 21 €(z-X)=p jzle(z - X(§)), and

n
€gu) =1 if u>0; and =0 if wu <O.

Definition S.1. If X continuous, then

12 ceee x“ are 1i.i.d. Fo,
Dn(Fo) ~ K-S(n).

In order to apply the K-S statistic directly, one must know
Fo( *) completely. However, in many signal detection problesms, Fo( )
is known only up to a nuisance parameter, or, equivalently is known only
to be a member of a specific (parametric) family. Lilliefors (1967, 1969),
Srinivasan (1970), and Choi (1980) introduced modified versions of the

K-S statistic for such situations.

(B) Lilliefors-type Statistics




Llet Q* = {F(8;:): 6 ¢ &) be a family of cdfs admitting a

m’ e = e(xl. CICUY xn). fOl‘ e.

Definition 5.2. (1) F(:) is the cdf satisfying F(z) = F(§;2)

for all z; and
(11) 6 - stz:p|Fn(z) - F()].

Lilliefors (1967, 1969) calculated Monte Carlo tables for D, in
the normal and exponential cases, while Y. Choi (1980) has given such a
table in the uniform case.

érinimm (1970) replaces ﬁ(-) with the Rao-Blackwell estimate
of F(B;-) in the Lilliefors statistic.

(C) Srinivasan-type Statistics

Consider a family Q* = (F(6;:): 6 ¢ @} of cdfs admitting
a M-S-S, S(%) for 0.

Definition 5.3. (i) 'l\'-"(z) = P{X’i < z|8(€)}; and

N n
(11) o = sup|Fn(z) - F(2)].
z

"
Srinivasan (1970) computed critical values of Dn by (Monte Carlo)
simulation for the exponential and normal families. Some of his numerical
results however were in error, as was pointed out by Schafer, Finkelstein

and Collins (1972).

Remark. These three statistics are in many cases, asymptotically
"
equivalent. Calculations of Pn(z) for the case when A 1is unknown,
s =5, known and the case when both A and s are unknown are vresented

in Appendix A. These statistics are summarized in Table 5.1,
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One can now treat the detection problems.

6. One-Sample Detection Procedures.

In this section, one will derive detectors for deciding between PN
and the alternative N + S (noise plus signal). The data set will be
denoted by %- (xl, xz. veey xn) and a is the PFA. There are
altogether 8 problems considered. The first 4 deal with the
cases when at lesst one of A and s is known and the last 4 con- .
cern cases in which both A and s are unknown. Mumerical examvles
for each case are provided in the Appendix 8, where they are numbered
the same as the cases they illustrate. The results in this section are

susmarized in Table 6.1 at the end of this section.

Case 6.1. (A unknown, s = s, known, L(A,sy) € Q(PRP))

PN: A=A, vs. Ne+S: AfA
The minimm PDF procedure is to decide N + S if and only if
-1/ns
0

X(1) < Ay or “X(1) > bA, where b =a .~ BEquivalently, one can

0
use the statistic

T-ZmolnE-AQl
0




which has s l§ distribution under PN. Note that the procedure is based
solely on the M-S-S for A, which is A = X(1). The one-sided
detection procedure for PN: A < Ao vs. N e+S: A> Ao nay be
formulated similarly.

Case 6.2. (A unknown, s = 3o known; class-fit problem)
PN:  L(A;sy) € Q(PRP)  vs. N o S: L(A,55) ¢ Q(PRP).

One employs the K-S statistic with size n -1 (K-S(n - 1))

Y, (v}

through anyone of the four versions of M-S-N, (v .}, (v}, (v §

b b
given in Theorem 3.5 and Definition 3.3. Explicitely, they are

J

oV . swp | Lo :3:': -V - (- LY
o'(lz) - | Lo :g: €(z-U)-Q- Y
of¥ - o:;':xl L :g: € (z-W) -2l
Dt('" - o:‘z‘:ll i%f :g: €(z-Y)) - zf

where D) A k.S(n-1) for 11,2, 3, 4. Therefore one decides

N+ S if and omnly if D'(l“ > d' where d' is an appropriate critical

value from the K-S(n - 1) distribution. '
Alternatively, one may use the Srinivasan-type statistic (see Table

as follows.




-‘6.

3. st 1L e - 0
by = G50 3w I ;Ex‘ (w-up)-a-u Nl

Note that 'l'fu d (ﬁ;—‘)nl('z).

The Lilliefors-type statistic is asymptotically equivalent to the
Srinivasan-type statistic in this case.

Case 6.3. (A= Ao known, s unknown, L(Ao,s) € Q(PRP))
PN: 3 =3, vs. N+S: s#és,
~ B -
The M-S-S for s is sen[ ] lnlgl] land the statistic X(§) is

j=1
n
Te2, } lnmﬂ-x;n under PN. Thus the detection procedure is

=1t N

decide N+ S if and only if T> Xfa tasz) °F T€ ":znn/z)'
’ »

Note that T depends on Z only through $. The one-sided procedure
for PN: s <s;, vs. N+S: s >3, may be formlated similarly.

Case 6.4. (A= Ao knomn, s unknown; class-fit problem)
M: L(A)3) € A(PRP) vs. N e S: L(A,).8) ¢ a(PrP).

Again we should use the K-S statistic with the M-S-N which

h T " Taaa
according to Table 2.1 is (-r— R Ry r——} A~ U-0-8(n - 1).
" n

P nil ( ;J-) |  and one decides
Thus let D = swp |—= € (z - -2 one
" gga ™l ya »




.2

N+S 1if and Only if Du >d' wvhere d' is the appropriate critical
value from the K-S(n - 1) table.

Case 6.5. (A, s both unknovn, L(A,s) ¢ Q(PRP); Goodness-of-fit test)
PN: L(A,8) = l.(Ao.so) vs. Ne¢S: L(A,s) ¢ l.(Ao,so)
From Theorem 3.3 (vi) and under PN situation,

u;%;y)%, 'T:g_-ﬂ"‘o' "iAT%T“.o' ~ U-0-S(n).

The statistic is (as in Case 6.3).

Te-2 ,:{l 1n(!-;'j-,-1‘° n~ 1, and the decision

rule is decide N + S if and only if ”"Z(zn /2y OF "’ézna/z)'
Case 6.6. (A and s umknown, L(A,s) ¢ Q(PRP))

PN: s <3 vs. N-3: 3>3,

The detection statistic here should only involve the M-8-§
n
~ x _l
s(2) s-n[jgl In rﬁ’ﬂ for s.
230

The decision rule is: Decide N + S iff —— < ', where c'
s

is the (1000)th percentile of the Xi, , -distribution.

One notes that if Y, = In X then the Y's are i.i.4d. T-exp

J )’

(in A,s). Park and U. (hoi (1978) derive the minimm PFD one-sided




procedures for the shape parameter s. It will be shown in Appendix
A.3, that the Park-Choi decision rule is equivalent to the one given
sbove.

For the two-sided detection problem: PN: s = Sg Vs- N+ S:

s # o the decision rule follows from that above.

Case 6.7. (A, s unknown; L(A,s) € R(PRP))

One should employ the WM-S-S, (i. ;). and the statistic

T(z.n_nn-llnXI-lnA ~ F(2, 2n - 2).

In x, - na ln X(1)
J=1

The decision rule is: Decide N + S iff X(1) > A, and 1'(3‘, Ay) > £,
wvhere ' {s the 100(1 - a)th percentile of the F(2, 2n - 2)- .
distridution.

Again, as in Case 6.6, Park and U. Choi (1978) give a minimum PDF
procedure for the truncated exponential case, which is equivalent to
the decision rule above.

Case 6.8. (A, s unknown; class-fit problem)

PN: L(A,3) ¢ Q(PRP) vs. N +S: L(A,s) £ Q(PRP).

One can use the Kolmogorov-Smirnov, Lilliefors or Srinivasan-type




statistics. From Theorem 3.4, one finds

Dlgl)ssuplgf—z' Ze(z-—oi—)-zl

0<z<1 j=1
D(Z)-supl—f-i ZE(z--r‘—)-zl.
Mg M ga

then Dgi)w K-S(n - 2) for i =1, 2. The decision rule is decide
N+S if and only if Dﬁi)> d' where d' is the critical value froam
the K-S(n - 2) table.

One now considers the Srinivasan statistic. From Table 5.1, one has

n : "
o = s:p IFn(z) - Fn(z)l

- ' -1
.« sup € ( )1.(" Y- 2 1 7Y
a<z< ae"/’ i (15 n a
where A= X(1) =a, §=s'. Lot V=g, V() 'M{'%P)'- Then

v 1 s' n-1
Oy = | 3% e,,,,.I“ T ljzl e (v-vonl-1 e &b - 2™
n-1 s' n-1
. 1:3;,( Y ln jzl e (Inv - 1nv(NI)- ( « (N -2 nv) l.
Let u=1nv, U(j) = In V(j), then since s = n-ln = n —_,
I In V (n-1u
g
one has D = (nll) sup Il—- nil e (uw-uU))- -1 - i:u]n'l}l
n o cuc< n/s' n-1 je1 n
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n-1 -
&y s T ew-ugn-0-0-—2g N

0 <u< (n-Nu j=1 (n-1Du

n-1

- 9—;‘—1 swp IT\%T I eq-ugy -0-0- -——‘1-_:]"°1}|.
0<uc zu j=1 (n-1)u
j=1 ]

The critical values of this statistic cannot be obtained from the
known existing tables. They may be obtained by the Monte Carlo simulation
method for various sample sizes and PFA

These statistics are summarized in Table 6.1.

7. Two-Samples Detection.Procedms

The data set here is %- ()\('.x) = (xl. cens x_, Yl' ceesy Yn) »
(21, zz, vees ZN) where N = m + n. Here )\(‘, X. are two independent
random samples from Pn(Al, sl) and Pa(Az, 32) respectively. The
letter o will denote the PFA. As in the one-sample case, numerical
examples are given for each case in Appendix B with the same order

and numberings as they are presented here.

Case 7.1. (Al, Az known, $1» %, unknown)
PN: s, =, vs. N+S: s, ¥s,
~ A - _xi -1 L _Yj_ ‘1
The M-S-S for (s,.s,) is (3,, ) -(l(j'xll ln(Al)] , n[jzl ln(Az)] )
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m X,
n Z 1n Kl
and under PN, T* = J:l Y} N F(2m, 2n). Therefore,
m Z 1n Kl
j=1 2

decide N+ S if and only if T > f' or T < f" where f' and f"
are the appropriate percentiles of the F(2m, 2n)-distribution.

An important point arises in Case 7.1 above., The detection
statistic T* involved the M-S-S (gl, 32) for (sl, 52), the
unknown parameter pair. However, the remark following Example 4.1,
and the cases of Section 6, suggest that for Case 7.1, one should employ
the M-S-N, since the particular values of Sy and s, are not
pertinent here. This, indeed, is the case, as will be seen from the
derivation to follow.

One can directly verify (from Lemma 3.1)

Z, Z.
Theorem 7.1. Let W, = In = for 1 < j<m; and = In L for
J A - Ay
r N ~1 -
m+1<j<N; and V_= [} W] ([]W] for 1 <r<N-1. Then
(i) (Wl, e WN) are i.i.d. Exp(s).
(ii) (Vl’ cens VN—I) is the M-S-N; and is ~ U-0-S(N - 1). Further,

| v
dii) ™= @ G-
m

This means that T* is a function of the data, %, solely via the

M-S-N of the combined sample. Hence, T* is both a function of the
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M-5-S's for the individual samples and the M-S-N of the combined

samples.

The one-sided detection problems may be handled analogously.

Case 7.2. (Al,A unknown, s., s, known)

2 1’ 72

PN: A1 = A2

vs. N+S:A#A2

In this case, the M-S-S for (A, A,) is (RI, Rz) = (X(1), Y(1)).

Since In(x—gll) u" Exp(msl), ln(lA(-l-l) N Exp(nsz), one has by Lemma 3.6
1 2

‘
. the following,
Lemma 7.2. let T = '.ln(;%)l). Then under PN, the distribution
of T is given by
ms -ns,t
1 2
1 - e t>0
(ms1 + nsz) -
H(t) =
ns ms.t
(s +2ns 3 e 1 t<o
1 2
The proof of this lemma is given in Appendix A. Thus the decision rule
¢
is: Decide N + S if and only if T > C1 or T < C2 where Cl’ C2
are determined by H(Cl) =] - 92'- , and H(Cz) = % .
In the special case where S, =8, =5, is known, the decision
q
- rule reduces to: Decide N + S iff ;’( i < b1 or > b2 where
1 1
ms, i

N & ms
b, = I P]

N .a
and b, = [ (3)]
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One further notes that X > uc,8) with 8 = A", For this
uniform case, Y. Choi, Bell, Ahmad and Park (1982) present a detection

procedure which coincides with the special case above.
Case 7.3. (A1 = A2 = A, unknown; S1s Sy unknown)
PN: s, =5, vs. N+S: s £s,

One first attempts to base the decision rule on the theorem below.

Theorem 7.3. Llet Xl, evey Xn’ Yl’ cees Yn be i.iid. P(A,s).
-1 . n- .

Then (i) X(1), Y1), n, = § 1n XU ong g = § 10 XU:D
i X(1) 2 Y (1)
. )=l j=1

are independent; with

(ii) 2ns|In X(1) - In Y()| ~ xg ; and

Cs s d n X2
(iii) 2sn, 2sn, 2n-2

The decision rule for this case, with m = n, would then be:

Decide N + S iff

2ns[ny - m,] Iny -l

2ns | 1nX(1)-1nY(1) | l1n X(1)-1nY(1) |

However, the cdf of Q is not known, and, hence one seeks other approaches.

Beg (1980) derives a uniformly minimum PFD procedure for the case:

PN: s, < S2 . Vs. N + S: S, > S

in the truncated-exponential case, which applies to the Pareto problem




at hand even when m # n.

Let n and n

1

m n
2 be as above; ns= Z In X, + Z In Y, - NW,
1 ) ]

j=1

where N=n+m and W = min{ln X(1), 1n Y(1)}. Beg proves

Lemma 7.4. The conditional density of n given W and n, is

1}

(m+n-2)!n?"2 n - nl)“'1

h(nllw,n) = for 0 < " <n.

(m-2) ! (n-1)1 n™*0-2

The decision rule based on this lemma becomes: Decide N + S iff

n
ny < ¢ = ¢(w,n) where A.I h(nllw, n)dn1 = a.
c

If one performs the actual integration, it is easily seen that ¢

satisfies the relation ¢ = ¢'z where I, m-1,n)=1-a,
1 m-1 n-1 .
I.(m,n) EICEON E)’ 1-y dy

is the incomplete Beta-function. A table for the incomplete Beta

function has been tabulated by K. Pearson (1934).

Case 7.4. (Al’ A2 unknown, s1 =5,=5 unknown)
PN: Al-i A2 vs. N + S: A1 > A2
Let nl, nz, W, n be as defined in Case 7.3. Let Nam + n,

.
.. .
L P PP LI s H b IR I Y DRI Y b . .
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if x*=m

-4}

h(x*|w,n) =

N-3
mn (N-2} _ m(x*-w) . n
ND [1 A ] if wext<ws o,

and define the number ¢ = ¢(w, n) by

h(x*|w,n)dx* = a.

———
L3
BTJ

From the result of Beg (1980), the decision rule is decide N + S
if and only if 1n X(1) > c. The number c may be found by performing

the actual integration in which case one gets
1
ne! N-2

¢ = +w where ¢' =1 - (!%0

Remark: Suppose m = n ='; , then Lemma 3.6 (vi) may be used
to test PN: Sy =S, Vs. N +8S: $; # s, in Case 7.3 and to test
PN: A1 = Az vs. N + S: A1 d Az in Case 7.4. In both cases, under

PN, the statistic

. _(N-2)N{In X(1) - In Y(1)| )
T ity + 1) ~ F(2, 2N - 4).

The decision rule is decide N + S if and only if T > f' where f'

is the appropriate percentile of the F(2, 2N - 4)-distribution.
Case 7.S. (Al, Az, sl, S, all unknown)

vs. N + S: 1 # s,




g DM

.
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P S ——Y

m-1 . n-1 .
. X(j+1 . Y(i+D)
Let n = ] In # , M= 1 In Y-
j=1 j=1
then from Lemma 3.6 (iii), under PN,

(n - 1n,

T "wm-Dn,

~ F(2(m - 1), 2(n - 1)).

The decision rule is decide N + S if and only if T > f' or T < f"
where f' and f" are appropriate percentiles of the F(2m - 2, 2n - 2)-

distribution.

Case 7.6. (A all unknown)

17 Azs 515 8,

This detection procedure does not appear to have an elementary

solution. One may try to apply the likelihood-ratio test. One has when not

assuming Al = Az,
Ay =x), 3= m[mi1 1 24 ’
j=1
Ry =Yy, $,= n[:gi In 1%%)_]-1
Under PN, one has
A*= min {X (1), Y(1)} = Z¢1) and
e m[:gi 1n xz Il ]'1’ 3 = n[:g In YZ Il ]‘1.




Therefore the likelihood ratio is

(s2-5,)
(-—0 (-j-l-* [ 2 Yj] 272 if Z(1) = X(1) < Y(1)
P ox)? im
f.l <
Lo A A
m *.g.)
k (—-) (ﬂ—l—:) ( { X1 1% . if Z(1) = Y(1) < X(1)
Yy !

The distribution of ﬁllﬁo is complex and the above expression resembles

in structure that of the pehrens-Fisher problem.

Case 7.7. (Al. Az, sl, ’2 all unknown)

PN: (Al’ sl) = (Az, sz) vs. N+ S: (Al, sl) # (Az, $32)

The decision rule consists of 2 steps, first deciding whether

$; = s2 and then if one decides = ’2 one tries to decide whether

Al = Az. The procedure is a combination of Cases 7.5 and 7.4.

let n = jzl ln—q—))-. n, = Z ln—q—s)-, then

j=1

(n-l)n1

under PN, T = m

A~ F(2(m - 1), 2(n - 1)),

The decision rule is:

(i) Decide N + S if

T> fom1,2-01-0/4) - C1 °F T < fam-1),2(n-1),0/8) = ©2

.
B il Caneadhonimidiing P M



(ii) 1f ¢, £T< Cl, then decide N + S if and only if
nC; nC,

3 B ommm—
In X(1) >C3 and 1n Y(1) >C4 where Cs-Tow Cd v
n n
w = min {In X(1), InY(D}, "= ] 1n Xg * J In Y- MW,
j=1 j=1
1 1
= N-2
cg=1-@%, ca1-", Neaen.

Table 7.1 summarizes these procedures.
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S
APPENDIX A: Proofs n-1, .X(1). °
1 - @l

z > X(1)

4
A.1: A unknown, s = s, known, then Fn(z) =

0
0 z < X(1).

Proof. F (z) = E{I{xl < )IS@1 = Py < zlxa))

1]
= N

n
T P{X, < z|xX(1)}
=1}

11 ™t
=S+ = T PXG+D < z[X(D)) z > X(1)
i=1
= % +;1‘.. le P {—)%%{Tll < X(l) }. from Theorem 3.5 (ii)

Now let U(j) =—’$§%%L , then {U(1), U(2), ..., Un-D} v Pa(l, sp)-

0-S(n - 1).

Therefore F (z) = 1, (1‘-'—1-) [—1— nil P{u, < =< 1)
n " n n ' 'n-1 je1 j— X(1)

=2+ &Ehn - e, > H

£
X()

_1-( )P{U> )

X(l)

%0
=1 - &hdd,y -




0 z<a

A.2. A, s both unknown, then ? (2) = % i n-1

— ' | n 1- (n—;l-l—) [1- % 1n ~;—] a<z«< aen/s
1 zZ = ae"/s

~ A
where A =a, s = s.

Proof. };n[z) = 13{1{,(1 < z}IS(%)} = lﬂ'{X1 < z| &, s)}

1 B s A
=4 .Z P{Xj 5'zl(A, s)}
j=1
1 1 n-1 .
==+= 7 PIX(G+D) < z| (&, $)}. z>a
nn ol ~

Let U(j) = 5%%{%1 , V(j) = 1n U(j), then by Theorem 3.5,

{ucn), Ue2), ..., Un - 13} ~ Pa(l, s)-0-S(n - 1) and
{V(1), V(2), ..., V(n - 1)} ~ Exp(s)-0-S(n - 1).

"

Hence F (z) =

n-1 ) z
n z P{U(j) iE'S}

j=1

=R
+
=)

n-1
5 PIV() < 1n-§]s}
j=1

»
=
+
SN

n-1 V.
P(——l——:r-j.%-ln iJ
j=1 (n-1)V

]
B
-
=N

n n

since s = § = = ~
n:i (n-1)V

PO W P




| GAGEIG
el T

—

Vl' V1+V2
By Lemma 3.1, — — , «.-} % U-0-8(n - 1). To
(n-1)V (n-1)V
continue,
\4
1 n-1 1 S z
F (z) ==+ (=) P{ — <=1n=
n n n (n-1)V n a
v
-1-&Ehri—t— >inml
(n-1)V

-1

n
L &S

In the above derivation, since Vj~i (n - 1V = 2 for every j, one

. Z
may restrict z to 1n ; < a or 2z E aen/s.

-5
A.3. One verifies here that the u.m.p. procedure found by Park and
U. Choi (1978) 1is equivalent to that in Cases 6.6 and 6.7. Park and

Choi considered the p.d.f. of the truncated exponential,

£(x,\,v) = Ae M (X-V) Igw ()  0<v, Ac<e

where A,v are unknown. Let Yl, Y2’ vees Yn be random sample from

a truncated exponential distribution. Let S =

He~13

Yi’ then given
i=1

Y(1) =y, _

A"'l(s-ny)n'z e-k(s-ny)
£(sly) = D) I iny, =) () ¢))

while given S = s,




n-2
1 I(v,s/n) ). (2)

g f(yls) = 2o = V(s - 2)

(s - nv)™

Theorem A. (Park and U. Choi). For testing hypothesis Hv: v<wv

against Kv: V> v, the u.m.p. unbiased test is given by

1 if Y(1) > C(s)

¢(Y(1)) =
0 if Y(1) < C(s)

where C(s) is uniquely determined by P{Y(1) > C(s)|{S=s, v=v } =a.

Theorem B. (Paik and U. Choi). For testing hypothesis H, : A 5-10

against, KA: A > AO’ the u.m.p. unbiased test is given by

1 if S < C(Y(1))
¢(S) =

0 if S > C(Y(1))
where C(Y(1)) is uniquely determined by P{S < C(Y(1))[Y(1) =y, A = Ao} =a

From Theorem A and (2), one concludes C = C(S) is determined by
S

1
—ELE~:-%%T— fﬁ. (s - n)')n-2 dy = (n - 1) ( aa- u)"‘2 du
(s-nv,) C ict
n(Y(1) - vo) .
where U = 5 v, ~ B(l, n - 1). But
n(Y(1) - vg) T
)] where T' = (n - 1)T,

= S-nY(1)+nY(1)-nvo *T+T1




T 1is the statistic given in Section 6, Case 6.7. Since the function

f(t') = T+
equivalent. It is also easily verified that if U~ B(1, n - 1},

is strictly increasing for t' > 0, the two tests are

then

1
1 ~ F(2, 2(n - 1)). The proof of the equivalence between
Theorem B and the test procedure in Case 6.6 follows from (1) in

the same manner and will be omitted.

A.4. (Proof of Lemma 7.1). From the hypothesis, let U = InY(1),

V=1n X(1) and T=U-V, then
P{T <t} = P{U. - V < t}

-ms 1V

= fw PlU<v+ t}(msl)e dv

0

-ns 2 (v+t) -ms 1V

= ms, r 1 -e le - dv.
max(-t,0)

Considering separately the case t >0 and t < 0, the above integral

can be evaluated and equals to H(t) given in Lemma 7.2.
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APPENDIX B: Numerical Examples

The numerical examples correspond to the various techniques
developed in the main body of the report, and have corresponding numbers.

The data is divided into three sets.

Table 1. This consists of simulated interarrival times from

Pa(l;1); Pa(2;1); Pa(3;1); and Pa(5;5) distributions.

Table 2. This consists of simulated interarrival times from

Pa(1;2); Pa(l1;5); Pa(2;2); and Pa(5;2) distributions.

Table 3. This consists of real data related to 24 complete
heart-beat cycles. [Special attention will be paid to the waiting

times for the '"R-peaks". See sketch below the table.]
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Pareto Data (Interarrivals)
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TABLE 3 EKG-Data (Heart Beat Cycles) - 582 -
MAGNITUDE TIMES )
Cycle Cycle
__!927 P Q R T P Q R T LEE&EET
i .0927}.0708}1.190}.u4785 148 428 67 743
2 .1005}.0917}11.2031.4344 1,183 1,440} 1,484) 1,758 =02
3 .1121}.0982}1.212).4316 1,897) 2,378] 2,u98)] 2,884 2oL
5 .1238).0608}1.297].56S2 3,452| 3,521} 3,558| 3,835 ~0n0
S .08191.0206(1.2611.5060}} 4,108) 4,559] 4,599} 4,812 2022
6 .0769].0764}1.284].47¢€7 5,346 ‘5,618 $,655| 5,923 2038
7 .0815}].05071.228].47C9 6,3u6{ 6,689}) 6,7335] 7,005 2078
8 .12631.11131.166].4250 7,596} 7,756] 7,806] 8,085 1273
9 .1009}1.0817)1.274).45u42 8,645| 8,840] 8,882( 9,154 2078
10 .0839}.0601}1.239].46€E3 9,694 9,935| 9,971}10,250 ~022
11 .1126{.0907{1.164}).4482}}10,727}10,985}11,015)11,301 2o
12 .0939].0894}1.189}.455%4111,833{11,985{12,027{12,300 1012
. __].0929|.064811.278{.4779(/12,876}13,017/13,055/113,331 2028
1% .1010}.0555}1.213}.4%742}113,758]14,050 1“,095 14,367 1039
N L 1062
1S .0560).037411.235}].4874{{14,307{15,122{15,153}15,429
16 .0832{.0899}1.294].42€3}116,007}16,179}16,216}16,49S o2l
17 .1278].0939]1.294{ . 44€S5§(17,053{17,265{17,299({17,587 1083
18 .1044}.0585{1.255}.50014118,255{18,325/18,362]18,360 2082
19 .1184%1.0702)1.250) .4421)119,286}19,345]19,380{19,65S 2012
20 .1142}.1141}1.266).41GS}}20,203{20,345120,393(/20,665 2022
21 .1338).114041.228).4052}{21,103}21,297}21,340]21,612 =
22 .;%31 .1050}1.230}).44CS5}]22,035122,195]22,231{22,495 ::i
23 .0849).,058411.127).42€5{]/23,068{23,097(23,140/[/23,u415
2% .0916{.080711.156}.40:3}}123,825}24,002]24,041)24,308 =
25 .1442}).1323}11.260 -- 24,766]24,937| 24,9886 -- '——221—4
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Example 6.1: A unknown, s = So known, L(A,so) € Q(PRP)

PN: A= Ao vSs. N+S: A#A..

Detector Statistics: (i) XxXQ(1) or

(i1) T = 2ns, 1n XD o x2
o 1" 7R, 2

Decision Rule: Decide N + S iff
. a"1/nsg

(i) XQ) < AO or X(1) > bAo. b
(ii) T<0 or T> xg,(l-a)'

Decision rule (i), the MP procedure, will be illustrated using

the following PN situation:
PN: A= 2 vs. N +S: A#d 2 (s known, a = .01)
Data Sets: (See Tables 1 and 2)

Vl, . VSO i.i.d. Pa(l;1)
'1’ ceny 'SO i.i.d. Pa(2;1)

3. X i.i.d. Pa(3;1)

l, l"’ xSO

4. Y i.i.d. Pa(2;2)

1° e YSo

S. 2 YA i.i.d. Pa(1:5)

17 *0 Zgg

The Decision Rules are:

1. Decide N+ S iff V(1) <2 or V(1) > 2.193. Since V(1) = 1.010

one decides N + S,
2. Decide N+ S iff W(1) <2 or W(1) » 2.193. Since W(1) = 2.033

one decides PN.




3. Decide N +S iff X(1) <2 or X(1) > 2.193. Since X(1) = 3.001
one decides N + S.

4. Decide N+ S iff Y(1) <2 or Y(1) > 2.094. Since Y(1) = 2.044
one decides PN.

S. Decide N + S iff 2(1) <2 or 2Z(1) > 2.037. Since Z(1) = 1.008

one decides N + S.
Example 6.2: A unknown, s = So known
BN:  L(A,;s)) € Q(PRP) vs. N +S: L(A,5,)¢ 2(PRP)

Detector Statistics: Four Kolmogorov-Smirnov statistics

(Dgl), D&z), Dgs), 054)) and a Srinivasan-type statistic (Dn) are

available.
Decision Rules: (1-4) Decide N + S iff Dn > dn-l o where
9
. . 1) (2
dn-l,a is value from Kolmogorov-Smirnov table and Dn = Dn R Dn ,

(3) 4 . S 15 ¢
Dn , Dn . (5) decide N + S iff Dn > ( o )dn-l,a .

Data Sets: (see Tables 1 and 2)

1. X i.i.d. Pa(l;2)

1 o0 Xsg

Y i.i.d. Pa(5;5)

2. Yl, oo Yeq




critical

value statistic statistic

(a=.01) value Q%) decide valus (X) decide
Déé) 0.232 0.032 PN 0.100 - PN
Dgg] 0.233 0.032 PN 0.109 PN
oég) 0.233 0.103 PN 0.064 PN
Dgg) 0.233 0.099 PN 0.055 PN
n,
Do 0.228 0.031 PN 0.107 PN

Example 6.3: A = A0 known, s unknown, L(Ao,s) € U(PRP)

n
Detector Statistic: T = 2s. J 1 2L o ¥2
0 j=1 Ao 2n

Decision Rule: Decide N + S iff

2 2

T > Xon,1-0/2 or T < Xon,a/2

Test the following PN situation using generated Pareto data:
PN: s =2 vs. N +S: s #2 (A known, a = .01)

Data Sets: (see Tables 1 and 2)
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1. X . XSO i.i.d. Pa(l;2)

1* -

2. Y Y i.i.d. Pa(5;5)

1’ "0 Ygo

Decision Rule: Decide N + S iff T > 140.2 or T < 82.4

From data set 1: T = 91.017, so one decides PN.

From data set 2: T

48.737, so one decides N + S.

Example 6.4: A A0 known, s unknown

PN:  L(A;,s) € Q(PRP) vs. N +S: L(Ay,s) ¢ Q(PRP)

n-1 T,
Detector Statistic: D* =  sup | L ! € (u- 719 - ul
. n n-1
0O<ucxl 1 n
T X.
where T = .2 ln(xla
j=1 0
. . . . . R
Decision Rule: Decide N + S iff Dn > dn—l,a where dn-l,a

is appropriate value from Kolmogorov-Smirnov table.

Data Sets: (see Tables 1 and 2)

1. Xl’ cees xSO i.i.d. Pa(l;2)
2. YI’ cee, YSO i.i.d. Pa(5;%)
Decide N + S 1iff Dgo > .233

Since D;o(é) = 0.101, one decides PN.

Since D*,(Y) = 0.053, one decides PN.
50 4,
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Example 6.5. A unknown, s unknown, L(A,s) € Q(PRP).

PN: L(A,s) = L(Ao,so) vs. N+S: L(a,s) # L(Ao,so)
n A, 0
Detector Statistic T = -2 } Inlgmyl v %o

j=1

Decision Rule: Decide N + § 1iff

2

2
an,1-a72  °F T <X

T>X 2n,0/2

Test the following PN situation using generated Pareto data:

PN: (A,s) = (1,2) vs. N +S: (A,s) # (1,2)

Data Set: (see Table 2)

1. X i.i.d. Pa(l;2)

1 o Xgo

Decide N + S iff T > 140.2 or T < 82.4

Since the calculated value of the test statistic is T = 91.02, one

decides PN.
Example 6.6. A unknown s unknown, L(A,s) € Q(PRP)

PN: s <s

Vs, N+s: s >s

0 0

n
s s 2
Detector Statistic: T = 250[521 In X; - nIn X))~ Xy 5

2
2n-2,0

Decision Rule: Decide N + S iff T < X




Test the following PN situation using generated Pareto data:
PN: s <3 vs. N+S8: s>3 (o = .05)

Data Sets: (see Tables 1 and 2)

1. X i.i.d. Pa(l;2)

1o Xeg

2. Y i.i.d. Pa(5;5)

10 e YSO

el . 2 I
The critical value is x(98’.05) = 76.5

The calculated statistic values are

From data set 1: T = 129.32, so one decides PN.

From data set 2: T = 72.64, so one decides N + S.

Example 6.7. A unknown, s umknown L(A,s) € {(PRP)

PN: A<Aj. vs. N+S: A>A

0
n(n-1){In X(1) - 1In AO]
Detector Statistic: T = = v F(2,2n-2)
I 1nX, -nln X(1)
1 J

Decision Rule: Decide N + S iff

i. x(1) > AO and

1. T>£05 m-2,1-q)

Test the following PN situation using generated Pareto data:

PN: A< 3 vs. N+S: A>3

—
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Data Sets: (see Tables 1 and 2)

1. X X i.i.d. Pa(1;2)

1’ °°° 750
2. Yl’ ey YSO i.i.d. Pa(5;5)

The critical value for T (@ = .01) is
4.87

£02,98,.99) °

Since X(1) = 1.024, one decides PN for data set 1.

Since Y(1) = 5.006, and TY = 103.7, one decides N + S for Data
Set 2.

Example 6.8. A, s ;.mknown
PN: L(A,s) € Q(PRP) wvs. N +S: L(A,s) ¢ Q(PRP)

Detector Statistics:

n-2 1/
1 1
i. D =sw |—= } s(z-vl—)-zl'\:K-S(n-Z)
n z N 2 j=1 n-1
n-2 E,
‘s 2 1
ii. D) =swl=—— [ ¢ (z- ) -zl v K-S - 2)
z j=1 n-1
where

r-1 .
X(§+1 X(x+l
Dr = jzl 1n [_§(J(-1—)l] + (n - r)ln[—-)g(-(-l—)-l]

and

r
. - X(J + 1) -
SR A e 6 e L L

P T %
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Decision Rules: Decide N + S iff

1
Dn > d(n-z,a)

2

Dn > d(n-Z,a)

where d(n - 2,a) is appropriate value from Kolmogorov-Smirnov table.

1.

2.

The

1
Dso

Data Sets: (see Tables 1, 2 and 3)

xl, vees XSO i.i.d. Pa(1;2)
Yl’ ces YSO i.i.d. Pa(5;5)
"1’ cee, w24 waiting times for 'peaks" (i.e. R's) of heart-beat
cycles.
critical value for data sets 1 and 2 is:
de4s,.01) = 0-22
critical value for data set 3 is:
d(22,.01) = 0.314

calculated statistic values are:

(5) = 0.058 Decide PN.

2 .
050(5) = 0,058 Decide PN.

1 .

Dso(x) 0.042 Decide PN.
2

Dso(z) = 0.043 Decide PN.
1 .

024(5) 0.614 Decide N+S.
D2 (W) = 0.605  Decide N+S.
24%,,




Exgﬂgle 7.1. Al’ A2 known; Sy» s2 unknown

ln(Xj/Al)

-
]
-

Detector Statistic: ~ F(2m,2n)

ln(Yj/Az)

gte~13)n 8
-t

[y
—

Decision Rule: Decide N + S iff

T>Fomom,1-/2) ©°F T < Fam,2n,0/2)

Data Sets: (See Tables .1 and 2)

1. X , X i.i.d. Pa(1;2)

1 "2 750
2. Yl’ vesy YSO i.i.d. Pa(5;2)
3. Zl, cens Z50 i.i.d. Pa(5;5)

The critical values are:

£(100,100,.995) = 1-68

£(100,100,.005) = 9-595

The calculated statistic values for each pair of data sets are given below:

From data sets 1 and 2: T

0.788, so one decides PN.

From data sets 1 and 3: T = 1.868, so one decides N + S.

From data sets 2 and 3: T = 0.422, so one decides N + S,




Example 7.2. Al’ A2 unknown; S1» S, known

PN: A, = A vs. N+S: A #A

Detector Statistic: T=1n (Xﬁllg v F(x)

X(1
where ms1 -nszx
1 - e x>0
(lnsl+ns2 -
F(x) =
: ns ms. X
2 1
e x<0
(ms1+nsz)

Decision Rule: Decide N + S iff

T>C or T<C

1 where F(cl) =1-a/2

2

F(cz) = af2

bua&w:(wehﬂul and 2)

1. Xl, ceey xSO i.i.d. Pg(l;2)
2. Yl’ ey YSO i.i.d. Pa(5;2)
3. Zl’ vy ZSO i.i.d. Pa(5;5)
The first two data sets constitute a special case (s1 = 32 =S, known)

and will be treated in Example 7.2a. For the remaining two pairs of
data sets, one has the following critical values: (m =n = 50,

s, = 5, a=.,01)

c1 = 0.016 and c2 s -0.050
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The appropriate decision rule is:
Decide N +S iff T > 0.016 or T < ~-0.050.

The calculated statistic values are given below:

Z(1

From data sets 1 and 3: T = ln(iTT%J = 1.587, so one decides N + S.

From data sets 2 and 3: T = ln(%%%%o -0.008, so one decides PN,

[ Example 7.2a. Al’ A2 unknown; Sy = 52 =3, known

PN: A = A, vs N+S: A #A,
Detector Statistic: T = Q)
X(1)
Decision Rule: Decide N + S iff T < b1 or T> b2
1/ms -1/ns
. N0 N o 0
where b, = by 1 » b, = 5 31
Data Sets: (See Table 1)
i 1. Xl, caes xSO i.i.d. Pa(1;2)
2. Yl’ ooy Yso i.i.d. Pa(5:;2)
The critical values, for a=.01 are:
j by = 0.95 and b, = 1.05

The calculated statistic value is

Y(1)
b))

} T = = 4,929 Decide N + S.

X

L)
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< . >
PN s1 _.52 vs. N + S: s1 s2
™
Detector Statistic: T = .
where

m
UL ) In X, - m In X(1)

j=1
and
' m n
n= ) InX,+ J InY, - NW

j=1 M P31 J

where W = min {1n X(1), 1n Y(1)}

Decision Rule: Decide N + S iff T < ¢ where ¢ is determined by

Ic(m -1, n)=1-a

Data Sets: (See Tables 1 and 2)
1. Xl, cvey xSo i.i.d. Pa(5;2)

2. Yl’ R § i.i.d. Pa(5;5)

S0
Computation of critical value:

Ic(49’50) = 0,99 (take o = .01)
c = 0.61 (from tables of Incomplete Beta function)

The decision rule is:

Decide N +S iff T < 0.61

. Mo 2830
Since T = 7~ * 0.61

.694




one decides PN.
Example 7.4. Al, A2 unknown; $; = s, =S unknown

PN: A, <A vs. N+S: A, >A

Detector Statistic: T = 1n X(1)

t
Decision Rule: Decide N + S iff T > ¢ where c¢ = E%— + W,

W = min {1n X(1), 1n Y(1)}

m n
n= J InX, + } InY, - NW
j=1 J j=1 J

and ¢' is determined by
& a-e'laa

Data Sets: (See Tables 1 and 2)
1. Xl, veay xso i.i.d. Pa(1;2)

2. Yl, caes YSo i.i.d. Pa(5;5)

Computation of critical value (a = .01):

50 98
(-E-b-)(l -¢')y 7 = .01
c! = .04

since n = 129.73 and W= 1n X(1) = .024, one has

c = les.%%)(-oﬂ + .024 = .128




since T = .024, one decides PN.

Example 7.5. Al’ Az unknown ; Sy

vs. N +«8S:

(n - 2)n1
Detector Statistic:

. m-1 .
- X(j+1
where n, 'Z 1n -§%TTL-

j=1

and

n-1
n,= I I+ 1)

AN YD)

Decision Rule: Decide N + § {iff

T

or

T < f(m-1),2(n-1),/2)

Data Sets: (see Tables 1 and 2)

1. X » X

]

1? e 0 i.i.d. Pa(l;2)
2. Yl' cves Yso i.i.d. Pa(5;2)

3. 2 i.i.d. Pa(5;5)

1, s00p zso
Critical values:.

f(08,98,0.99) = 1-9

f(98,98,0.01) = 9-592

T s e
(m - 2)n2

“Femn, 2m-1))

> f2m-1),2(n-1), (1-0/2))
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The decision rule is:

Decide N+ S iff T >1.69 or T < .592

For data sets 1 and 2: T = 0.760, so one decides PN.
For data sets 1 and 3: T = 1.779, so one decides N + S.

For data sets 2 and 3: T = 0.427, so one decides N + S,

Example 7.6. No techniques for Case 7.6 have been developed by

the authors.
Example 7.7. Al’ A2 unknown ; sl, s, unknown
PN: (AL s) = T(A, 8,) vs. NeS: (AL s)) F (A, sy)

Detector Statistics

(n - 2)“1
W T woom, "~ Femn,2n-m

N(N-2)|InX(1) - 1aY(1
m=n) (11) T,= J_ﬂmf_):_nri_ll “ Fra anea

Decision Rule: Decide N ¢+ S 1iff

(1) ‘rl > f or

(2(m-1),2(n-1),1-0/4)

Ty < f2(m-1),2(n-1) ,0/4)

IR ELE LW

decide N + S 1iff

Ty > £02,2N-4,1-0/2)




Data Sets: (see Tables 1 and 2)

1. xl, caey XSO i.i.d. Pa(l;2)
i.i.d. Pa(5;2)

12 v ZSO i.i.d. Pa(5;5)

Critical values (¢ = .01):

(1). f(98,08,.9975) = 1-77

£98,98,.0025) = 565

(1) £, 106,.995) = 535

Decide N + S iff

(i) T1 >1.77 or T1 < .565

(ii) If .565 < T, < 1.77, decide N+ S iff T, > 5.35

1 2

1. For (5, X), Tl = (0,760, Tz = 39,102 so one decides N + S.

2. For (5, é), T1 = 1,779, T2 = 57.682 so one decides N + S.

3. For (Z, %), Tl = 0.427, T2 = 0.251 so one decides N + S.
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